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Abstract 

We construct the Euclidean on-shell action for the five-dimensional non-extremal black 
hole with multiple electric charges. We show that this thermal action agrees with one half 
of the entropy. This agreement is argued to be related to the generalized Srnarr formula 
of the five-dimensional black hole mass. Through the calculation of the specific heat far 
off extremality we observe that a phase transition occurs. 
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Recently there has been considerable attention to the study of the black hole thermo¬ 
dynamics in string theory. The microscopic degeneracies of black holes were explained 
from the D-brane bound states. The Bekenstein-Hawking entropy of a certain extremal 
five-dimensional Reissner-Nordsrom black hole was computed by counting the asymptotic 
degeneracy of BPS oscillations of an effective string that describes the bound state of D-5- 
branes and D-l-branes |Lj. The computations of the entropies were further performed for 
the near-extremal six-dimensional black string J^] and the near-extremal five-dimensional 
black holes H [| with multiple charges, which were shown to be associated with the degen¬ 
eracy of low-lying non-BPS oscillations of the effective string. The remarkable statistical 
derivations of the entropies were extended to the four-dimensional black holes || [(| and 
the rotating black holes 0, ||. 

On the other hand since Gibbons and Hawking [9] showed that through the saddle- 
point approximation the Euclidean partition function for quantum gravity is interpreted 
as the thermal partition function for a system of the black hole temperature, the ther¬ 
modynamic properties of various black holes were investigated. Based on such direct 
calculation of the partition function the thermodynamics was constructed for the four¬ 
dimensional rotating black holes JlTf] or the four-dimensional U(l) 2 dilaton black holes 
III], where the rule that the entropy is one quarter of the area of the event horizon was 


discussed. Recently to study the zero mass black holes the four-dimensional anti-Maxwell 
dilaton Einstein theory as well as the usual Maxwell one, that are specified by a dimen¬ 
sionless dilaton coupling parameter a, were considered ]l2j and the on-shell actions for 


the electrically singly-charged non-extremal black holes were evaluated to be equal to the 
entropies. The specific heats characterized by a were shown to behave differently between 
both theories. 

We will investigate the five-dimensional non-extremal black hole with multiple electric 
charges by means of the Gibbons-Hawking method. We will derive the Euclidean on-shell 
action and discuss the thermal properties of this five-dimensional black hole, which will 
be compared with those of the four-dimensional charged dilaton black holes. The specific 
heat will be computed for the non-extremal black hole as well as the near-extremal one, 
from which the occurrence of a phase transition will be suggested. 

We start with the six-dimensional low-energy Lorentzian action for the type IIB string 
theory in the canonical frame 


( 1 ) 

where H is the RR three-form held strength || . Through the black string solution spec¬ 
ified by 

dsl = e 2D (dx 5 + A^dx^) 2 + ds 2 , (2) 

where are the coordinates of the five-dimensional spacetime and x§ is on an S 1 of 
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circumference L , the action is truncated into the five-dimensional one 
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with G 5 = Gq/L. We set the six-dimensional Newton constant G§ = 1. This action has 
three U(l) gauge fields such as the usual Kaluza-Klcin held strength G = dA, (H + )^ u = 
H '^5 and P_ = e 2< ^ +D * H where * is the five-dimensional Hodge dual. Here we write 
down the non-extremal six-dimensional black string solution in the canonical frame 
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with a boost parameter a, which is constructed by boosting the non-extremal zero- 
momentum black string solution found in |T3J, where the event horizon and the inner 
horizon are located at r = r + , r_ respectively. Comparison of this expression with (|2|) 
leads to 


J2D 
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(5) 


Performing the conformal rescaling as g lw = e 2D ^ 3 g^ u for the hve-dimensional action 
we get 
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The five-dimensional black hole with electric charges about both H + and H _ 
Q+ = l [ e~ 4D/3+2 * * H + , Q. = -L [ e~ AD / 3 - 2 * * H _ 

8 J5 3 47T 2 Js 3 

can also carry the U(l) charge associated with G 

27rn L 


P = 


[ e 8D/3 *G, 
Js 3 


( 6 ) 


(7) 


( 8 ) 


L 167T 

which is also regarded as the ADM momentum around S 1 for the six-dimensional black 
string. The parameters r± are related to the charge by Q 2 = 2 Q + Q_ = ( 7 rr+r_) 2 . This 
non-extremal black hole solution is characterized by 

0 = <Ph, (9) 
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where = r 2 + — r 2 and 63 is the volume form on the unit three-sphere S 3 . Using the 
radial coordinate f 2 = r 2 — r 2 , we express e 2D as 


2D 1 + Tq sinh 2 a/f 2 

1 + T 2 / f.2 


( 12 ) 


and derive the five-dimensional metric (|TTD with / = (1 -\-r 2 _/f 2 ) 2 (l + Tq sinh 2 a/f 2 ) from 
the six-dimensional metric by the dimensional reduction along x$ direction through ( 21 ), 
(f|) and ds\ = e~ 2D t 3 ds\ c . The equation of motion for <f> 


V 2 0 - ig—40/3+2^2 + 1 e -4D/3-20^2 = q 

4 + 4 

is satisfied by a special asymptotic value <f>h. specified by 
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since H + ,H_ are simultaneously obtained from ( 0 ) as 
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From the expression of 2 L t in ([5]) the U(l) held strength is determined in a similar form 
as 

Gtf = 


Tq sinh 2 a 


f 3 (l + rg sinh 2 a/f 2 ) 2 ’ 


which combines with (H) to yield 
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(17) 


The area A of the event horizon which is located at f = r 0 corresponding to r = r + can 
be calculated from the metric ([TT]) and the entropy of the five-dimensional black hole is 
given by 

S = —= —'K 2 r 2 + \lr 2 L — r 2 _ cosh a. (18) 

4G 5 2 +v 

This agrees with the entropy of the six-dimensional black string computed from the metric 


Now in order to take the semiclassical approximation of the path integral in the Euclid 
spacetime the above five-dimensional black hole solution must be analytically continued 
to Euclidean time. Since the Einstein-Hilbert action includes a boundary term which 
is formally infinite, we must perform an appropriate subtraction j|. [h|. Recently the 
entropy of the Schwarzschild black hole in the presence of a string instanton has been 
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calculated [[L5|] . Following the procedure in Ref. |R| , we will make the subtraction in the 
computation of the thermal on-shell action. The subtracted total Euclidean action is 
given by 
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where K is the trace of the extrinsic curvature on the boundary dM of the five-dimensional 
manifold M, h the determinant of the induced metric and K {h h 0 the corresponding ones 
at infinity in flat spacetime. The conical singularity at r = r 0 in (|TT|) is removed by 
requiring the Euclidean time r to be identified with period (3 and Bekenstein-Hawking 
temperature is obtained by 

1 

T = — — , 

/3 2nr\ cosh a ’ 

which is compared with that of the six-dimensional black string Tq = ^Jr\ — ~r^/(2nr+) 
that is derived from (|4j). Contracting the Einstein equation with the metric tensor we 
have 

R = (V0) 2 + 2(WDf + ^(e" 4D/3+2</, i/ 2 + e ~ 4D / 3 ~ 2( I + e 8D/3 G 2 ). (23) 

Substitution of it into (|20j) yields 

/ 0 = — / d 5 xGIf c - (e~ 4D/3+2 *Hl + e-^/3-2^2 + ^D/3q2\ ( 24 ) 

167T J 6 v 7 



where the dilaton terms such as (V0) 2 , (VT) 2 have disappeared. In the Euclid spacetime 
the U(l) field strengths (|T^), ([L6|) become pure imaginaries. Therefore putting them into 
(^4|) and combining with (p~2D , (|14| ) we hnd the volume integration to be simplified into 
the symmetric two terms as 


L /3lu 3 r°° df f 32 Q+Q- 2r g sinh 2 2 a \ 

167T 6 Jro r 3 \7t 2 (1 + r 2 /f 2 ) 2 (1 + r$ sinh 2 a/r 2 ) 2 ) ’ 


where the two contributions from H+ and i/ 2 have been equal and 0 J 3 is the three- 
dimensional unit-sphere volume. This integration can be carried out to be 
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Here to evaluate the boundary term A for the non-extremal Euclidean black hole 
solution whose boundary is at the infinity, we look into the asymptotic behavior of the 
metric for large f 
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where R% = (2r 2 + sinli 2 a)/3. Further the metric shifted by f 2 + R$ = R 2 is written as 
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The ADM mass of this solution reads 
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which is expressed as 
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From a spacclike unit vector = (0, iV, 0, 0, 0) normal to the boundary surface R = 
Roc-i where N = y/grtn = (1 + (27?q + rfy/R 2 ) 1 ^ 2 is the lapse function, we calculate 
the trace of the extrinsic curvature on the boundary K = h lw ’V IJ n u = (g RR djignrt + 
]T ? ; g 0 ' 0 ' l dngo l o i ) /(2oV) with the induced metric on the boundary h tw = g IJU — n^n u and 
obtain 
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The subtracted term is derived for the flat metric 

x 2 R 2 + r 2 ' 


ds 


1 - 


R 2 


dr 2 + dR 2 + R dLli 


(31) 


(32) 


in a similar fashion to be 

— f 

87T J(dM )o 


h 0 Ko — 




2 Rl + r 2 ' 


16vr 6RZ °° l 1 2 °R 2 ° 


(33) 


Gathering together we have A = (3M/3. Since an interesting relation ST = Rnr^/A makes 
Jo (|26|) expressed as 

M 1 


/ 0 = /;(- T + 5 sr), 


we arrive at the Euclidean on-shell action 


I=-S. 
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The expression I 0 (p6|) is alternatively described by 

i 0 = ~m Q +p®p), 


and <hp = 4P/L(r 0 cosh a) 2 may be regarded as the electric potential associated with G. 
To consider the thermodynamics of the five-dimensional black hole we define the Gibbs 
free energy 

W = M — TS — Q$q — p = —T log Z. (37) 

At finite temperature the classical Euclidean action / can be related approximately to a 
thermal partition function Z as Z ~ e^ 1 , which yields 

W = IT = ~ST. (38) 


where <f>Q = LQ/2ri_ is the electric potential on the horizon in five dimensions [12, If 


Combining them we obtain 


M = -ST + Q$ q + P<f>p, 


(39) 


which is also seen from (34) and 


In Ref.[16] the electrically singly-charged cl- 


dimensional black hole solution in the Maxwell dilaton Einstein theory was constructed 
and the generalized Smarr formula M — ((d — 2)/(d — 3 ))ST + Q&q was presented. Our 
one result (|39|) is considered to exhibit the generalized Smarr formula in five dimensions, 
which corresponds to the Smarr formula M = 2ST+QQq for the four-dimensional electri¬ 
cally singly-charged dilatonic black hole [ 121. The other result that the Euclidean on-shell 


action is one half of the entropy in five dimensions is compared with the four-dimensional 
case where it equals to the entropy itself [[TT], [12|. As seen above the two results are 
consistently related to each other. 

Now let us consider first the near-extremal black hole by parametrizing the left-moving 
and right-moving oscillations of a fundamental string around S 1 as 
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to keep the total charge n = n R — m, fixed in the large a region with small tq. The mass 
and entropy of it are expressed as M — LQ/2 + (n + 2 n')/R, S = \/27iQ(y/n + n' + y/n') 
with L = 2nR. This near-extremal entropy has been understood from a counting of the 
underlying microscopic degree of freedom by using the weak-coupling D-brane description 
[2. |3;. |J. Using these expressions we can demonstrate a thermal relation dM = TdS with 
T = 2^j2n'{n + n') / {jiQR(y/n + n' + y/rd)). This Bekenstein-Hawking temperature is 
further described in terms of the right-moving temperature T R = J2(n + n')/nQR and 
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the left-moving one T L = \j2n'/ ttQR as a harmonic mean 2/T = 1/T R + 1/T L [[TtH . The 
specific heat at constnat charges Q , P is evaluated as 


C = 


'dM\ 

WJ 
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q,p (n + 2n')/Jn'(n + ri) - 1 


(41) 


This tells us that near extremality the specific heat is positive and when we approach the 
extremality it goes to zero. 

We will look more closely at the specific heat far off extremality. In doing so, we work 
on the non-extremal black hole solution parametrized by r + ,r_ and a. Instead choosing 
Q, P and a as the independent parameters we can express r±, M as 
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which produces dM = TdS again with 


T = 


y^hPtanha/ ttL 


tt{AP/ ttL + \[T) sinh 2a) ’ 
which is given from (|22|) . The specific heat is also computed from (|43l), (|46|) to be 

1 ( 2 \J~D cosh 2ct 
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(47) 


which is in a similar form to ([IT]). In the large a region the specific heat reduces to the 
near-extremal positive one m through e 2 “ ~ \J(n + n')/n' which is given from ([40]), 
while in the small a region it turns out to be negative. Therefore the specific heat blows 
up at the point a = a 0 provided by the solution of 


/(x) = Q 2 (x 2 - l)(2x - l) 2 - j (Ax - 1) = 0 


(48) 
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with /(1) < 0 for x = cosh 2 a > 1. At the particular black hole mass specified by a 0 
there happens a phase transition. For the zero charge Q = 0 with we see that the 

specific heat becomes always negative 


C = -Li r 2 


4 p\ 3 / 2 1 + 2 cosh 2 a 

nLj sinh 2 a Vtanh a ’ 


(49) 


whose expression has already appeared in the above small a region with nonzero Q, P. 
This sign is characteristic of the Kaluza-Klein black holes [H|. On the other hand in 
the small P region with nonzero Q and finite a the specific heat takes small positive 
value. Therefore we can say that the existence of both Q and P charges is responsible 
for the appearance of the singularity. This singularity is compared with that in the four¬ 
dimensional U(l) 2 dilaton black hole, where the singularity appears only when it has both 
electric and magnetic charges [19]. Similarly in the four-dimensional electrically singly- 


charged black hole paramertrized by a, which characterizes the coupling of the dilaton 


to the gauge field, the phase transition was found only for a 2 < 1 


The specific 


heats for the a = 1 stringy black hole and the a = \/3 Kaluza-Klein black hole are always 
negative, which are considered to correspond to the disappearances of singularities for the 
U(l) 2 dilaton black hole with only electric charge |T^] and our Q = 0, P ^ 0 case in ( |49| ) 
respectively. 

In conclusion we have made the Euclidean semi-classical path-integral analysis of the 
thermodynamics of the five-dimensional non-extremal black hole with multiple electric 
charges. We have performed the explicit calculation of the on-shell action with the suitably 
subtracted boundary term and found that it is one half of the black hole entropy. This 
semi-classical result has been shown to be consistently connected with the generalized 
Smarr formula for the five-dimensional black hole mass. We expect such connections to 
appear in the other dimensions. We have carried out the computation of the specific 
heat of the non-extremal black hole, which was guided by that of the near-extremal one, 
and observed that there exists a phase transition. It would be interesting to understand 
this phase transition presented by the strong-coupling black hole description from the 
alternative weak-coupling D-brane description. 













References 

[1] A. Strominger and C. Vafa, Phys. Lett. B379 (1996) 99. 

[2] G.T. Horowitz and A. Strominger, Phys. Rev. Lett. 77 (1996) 2368. 

[3] C.G. Callan and J.M. Maldacena, Nucl. Phys. B472 (1996) 591. 

[4] G.T. Horowitz, J.M. Maldacena and A. Strominger, Phys. Lett. B383 (1996) 151. 

[5] J.M. Maldacena and A. Strominger, Phys. Rev. Lett. 77 (1996) 428. 

[6] C.V. Johnson, R.R. Khuri and R.C. Myers, Phys. Lett. B378 (1996) 78. 

[7] J.C. Breckenridge, R.C. Myers, A. Peet and C. Vafa, |icp-th/9602065| . 

[8] J.C. Breckenridge, D.A. Lowe, R.C. Myers, A.W. Peet, A. Strominger and C. Vafa, 
Phys. Lett. B381 (1996) 423. 

[9] G.W. Gibbons and S.W. Hawking, Phys. Rev. D15 (1977) 2752. 

[10] J.D. Brown, E.A. Martinez and J.W. York, Jr., Phys. Rev. Lett. 66 (1991) 2281. 

[11] R. Kallosh, T. Ortin and A. Peet, Phys. Rev. D47 (1993) 5400. 

[12] G.W. Gibbons and D.A. Rasheed, Nucl. Phys. B476 (1996) 515. 

[13] G.W. Gibbons, G.T. Horowitz and P.K. Townsend, Class. Quantum Grav. 12 (1995) 
297. 

[14] S.W. Hawking and G.T. Horowitz, ^r-qc/9501014 . 

[15] F. Englert, L. Houart and P. Windey, Phys. Lett. B372 (1996) 29. 

[16] G.W. Gibbons and K. Maeda, Nucl. Phys. B298 (1988) 741. 

[17] J. Maldacena and . A. Strominger, |hcp-th/9609026| . 

[18] F.S. Accetta and M. Gleiser, Ann. of Phys. 176 (1987) 278. 

[19] R. Kallosh, A. Linde, T. Ortin, A. Peet and A.V. Proeyen, Phys. Rev. D46 (1992) 
5278. 


9 









